A general theory to obtain the magnetic properties of the one-dimensional random mixture of plural kinds of magnetic atoms (Ising spins) in the finite magnetic field is formulated in terms of distribution functions which give the probabilities of finding powers of average values of spins situated on the end site of the chain. The distribution functions are determined from the simultaneous functional equation of order n, where n is the number of the kind of magnetic atoms. Using this theory, we study the magnetic properties of the following systems: (1) The regular system composed of only one kind of magnetic atoms, (2) the simple random system composed of one kind of magnetic atoms and non-magnetic atoms, (3) the random binary mixture composed of two kinds of magnetic atoms of S=l/2, (4) the random binary mixture of two kinds of magnetic atoms of S=l/2 and S=l. An Ising chain with random exchange integrals is also formulated in terms of a distribution function, and the magnetic properties are investigated when S=l/2. It is shown that the magnetization curves of those mixtures at low temperatures have various steps when the antiferromagnetic elements are included, and the susceptibilities at H=O and T~O diverge when the ferromagnetic elements are included even if the magnetization vanishes when T=O and H~O. Those are discussed in detail from the random nature of the mixtures. § 1. Introduction and summary
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The random magnetic system which is composed of some kinds ofmagnetic atoms and non-magnetic atoms has been a subject of interest in past years. In previous papers, the one-dimensional simple random Ising system of spin S which is composed of one kind of magnetic atoms and non-magnetic atoms, 11 l and the onedimensional random Ising mixture of plural kinds of magnetic atoms of spin 1/2 in vanishing magnetic field 12 J,lSJ were studied. In th~s paper, a general method for studying the one-dimensional random Ising mixture of plural kinds of magnetic atoms in the finite magnetic field is given and is applied to some systems to obtain some exact aspects of random systems.
In § 2, a method of the distribution function for the problem of the onedimensional random mixture is developed with an example of a random binary mixture of two kinds of magnetic atoms of S = 1/2, and the magnetic properties of the mixture are investigated. In § 2-1, the mathematical formulation for the random binary mixture is given in terms of distribution functions ga (x) which gives the probability of finding the average value x of the spin of a atom situated on the end site of the chain. The energy and the magnetization are expressed by using the distribution functions. Following a similar procedure of obtaining the matrix method for the regular Ising chain/ 4 > the simultaneous functional equation for the distribution functions is obtained.
Special cases are examined in § § 2-2 and 2-3. In § 2-2, we consider the regular system composed of one kind of magnetic atoms. The functional equation is exactly solved. The distribution function is described by o function, which means that the average value of the spin on the end site approaches some stationary value. The energy and the magnetization in the :finite magnetic :field are analytically obtained and they are completely in agreement with the wellknown results. 14 > In § 2-3, we consider a simple random system. The solution of the equation is described as a superposition of o functions. The energy and the magnetization of this system are given in terms of power series of concentration of magnetic atoms, whose coefficients are obtained from recurrence relations, These are also in agreement with previous results. 11 > In § 2-4, a procedure of the low :field expansion is given. The energy and the magnetization of the mixture are expressed in terms of power series of the magnetic :field and the configurational averages of powers of average values y~i>(=fxiga(x)dx). Using the functional equations, we obtain the simultaneous linear equation for y~i) whose coefficients are obtained frorn recurrence relations. The :first two terms of the power series of the energy and the magnetization are calculated. The :first terms of them are in agreement with the previous results. 12 
The behavior of the magnetization process is a subject of interest in the random mixture. It was shown that the antiferromagnetic magnetization of the simple random system has three steps when the temperature is low. 11 > In § 2-5, we numerically study the magnetization processes of the random binary mixture. The magnetization curve has plural steps when the antiferromagnetic elements are included. These are discussed in detail from the random nature of the mixture.
The formulation is extended to the system composed of n kinds of magnetic atoms with arbitrary spins in § 3. For each kind of atoms of spin S, a 2S.;.
dimensional distribution function 9a(xl, x2, · .. , x2,) is introduced. The simultaneous functional equation of order n for the distribution functions is also obtained. The energy and the magnetization are expressed by using the distribution functions.
The susceptibility of a random binary mixture of two kinds of atoms S = 1/2 and S = 1 is investigated as an example.
The problem of the random exchange integrals is also studied in § 4. Since the individualities of the magnetic atoms are lost in this case, it is enough for us to define one distribution function g (x1, x 2 , • • ·, x 2,). A similar functional equation can be obtained. The magnetic properties of this system are investigated when S = 1/2. The method of low field expansion is given and the first two terms of the energy and the magnetization are obtained. We numerically calculate the magnetization of the binary mixture of two kinds of exchange integrals in various cases. The magnetization curves also have several steps when the antiferro-magnetic elements are included. Finally, it is to be noted that the idea of the distribution function for the problem of the random mixture is essentially important not only in the one-dimensional mixture but also in the two-or three-dimensional mixture. It is the point of this idea that it enables us to take into account the effects caused by the random arrangements of magnetic atoms. Using this idea, we can improve the approximation theories such as the molecular field approximation and the Bethe approximation. In fact, we can easily show that the formulation for the onedimensional lattice obtained by the improved Bethe approximation is completely in agreement with the exact one obtained in this paper. This corresponds to the fact that the Bethe approximation for the regular system gives exact results when the system is one-dimensional. These improvements are especially important when the effective fields which act on the spins on the lattice sites are not small as in the cases that the system is in the ordered state and that the external magnetic field is finite. T~ese will be reported in future. § 2. Random mixture of two kinds of magnetic atoms of S = 1/2
In this section, a method of the distribution function for the problem of the one-dimentional random mixture of plural kinds of Ising spins is developed using a simple random mixture composed of two kinds of magnetic atoms of S= 1/2 as an example. The method will be generalized in § 3, and will be applied to the problem of the random exchange integrals in § 4.
·1) Mathematical formulation
We consider a linear chain of N lattice sites where two kinds of magnetic atoms A and B are randomly frozen on the sites, which are named from 1 to N along the chain from left to right. Ising spins (J£ = ± 1 are associated with both A and B atoms. The magnetic moments of A and B atoms are denoted by mA and mB, the exchange integrals between them by J AA, JBB and JAB ( = JBA), and concentrations of them by PA and PB (PA+PB=1).
The average value of the spin of a atom on i-th site, which is sandwiched between (3 atom on (i -1)-th site and r atom on (i + 1)-th site, is given by where !}{ is the Hamiltonian of the chain and a, (3, r=A 
Next we consider the a atom on the end site named 1st site which neighbors with {3 atom on the 2nd site. The average value of the spin of a atom, xa, is given as
This shows that the average value xf3 is also related to X a by Eq. (2 · 5) irrespective of other information of the chain. Then we define the function
This function gives the average value of the spin of {3 atom on the end site of a chain which gives the average value x for the spin of additional a atom on the next site. Now we consider the random mixture where Xa are random variables corresponding to the random arrangement of atoms. Then we introduce distribution functions gA(x) and gB(x) which give the probabilities of finding the average value x for the spin of A atoms and B atoms, respectively. The distribution functions are normalized as
Using these distribution functions, we have the energy and the magnetization per lattice site as follows:
To determine the distribution functions, we consider an average value of the spin on the end site of an infinitely large chain where concentrations of A and B atoms are given by PA and PB, respectively. The probabilities of finding A and B atoms on the end site named the 1st site are given by PA and PB, and the probabilities of finding the average value of the spin in theinterval (x, x+ Ax) are given by gA(x)Ax and gB(x)Ax, respectively. Next, add an a atom to the next site named the 0-th site. The probability of finding the average value of the spin of the atom in the interval (x, x +Ax) is given in two ways; (1) ga (x) Ax, because the chain is assumed to be infinitely large and (2) Thus we obtain a simultaneous functional equation
we have
These functions give the ratios of finding the average value of the spin on ~he end site in the region ( -1, x). Hence, we can obtain the energy and the magnetization by using Eqs. (2 · 6), (2 · 8), (2 · 9) and (2 ·11) or (2 ·14) with Eq. (2 ·12). We study the magnetic properties of this binary mixture in the next sections.
· 2) Regular system
We first consider the regular system where PA = 1. We consider the graph shown in Fig. 1 . The x 0 is the root of equation (2·17) Since the function fAA (x) is a monotonically increasing function of x and Eq. (2 ·17) has only one root, the solution of 
2-5) Magnetization processes
The magnetization process of the random system is of great interest. It was shown that the magnetization per magnetic atom ( (mfJ)/P) of the ferromagnetic simple random magnetic system increases with concentration of magnetic atoms p, and the magnetization curve of the antiferromagne tic simple random magnetic system has three steps when the temperature is sufficiently low. 11 > These are due to the behavior of the magnetic chains in the random system.
It this section, we investigate the magnetization processes of the random binary mixtures by using Eqs. (2 · 9) and (2 ·11). The simultaneous functional equation is numerically solved (see Fig. 2 ). Using these results, we can numerically obtain the magnetization and the energies of the random mixtures. The magnetization curves are shown in Figs. 3""5. It is interesting to observe that these curves have also various steps when the temperature is sufficiently low. To explain these magnetization processes, we consid·er the following four cases assuming m4 = mB.
(1) The case J 44 , JBB, J 4B>O. The magnetization at a sufficiently low tempera- The height of the step is PaPfJPr· The susceptibility decreases when the temperature tends to zero, and the magnetization curve has in general six steps when the temperature is sufficiently low. On the other hand we find remarkable steps in the magnetization curve in the high field region, which is due to the flips of several spins.
( 4) The case JAAJBB<O (see Fig. 5 ). The ground state is also decided.
The magnetization vanishes when H = 0. Since the local magnetization of this mixture is also at random, the magnetization increases abruptly with H when~ Hr-..JO, Then the susceptibility diverges when the temperature tends to zero.
Remarkable steps found in the magnetization curves in the high field region are also due to the behavior of spins. We can also discuss the magnetization processes in other cases. Interesting properties have been found in the mixtures of ferromagnetic and antiferromagneti c elements. These properties will be also found in an Ising chain with random exchange integrals (see § 4). § 3.
Generalization of the formulation
In this section we consider a random mixture composed of n kinds of magnetic atoms of spin S. Since the average value of the spin and the correla- /=Jtfi(xr,X2, ···,x2,), i=1,2, ···,2s. ( 3 ·1) Next, consider the volume element Llv ( =L1x1L1x2· · ·L1x2,) on the point (x1, x 2, · · ·, X2s). The volume element is projected from the volume element
on the point (xr', xa', · · ·, x;,). Then we have a simultaneous functional equation It we define
S . , , S"' ' S"' "
The magnetic quantities A are given by
It is not difficult to extend our formulation to the random mixture composed of different kinds of spins. In those systems, the 2S-dimensional distribution function is introduced for each kind of magnetic atoms of spin S. and the susceptibility in vanishing magnetic field are obtained.
The specific heat of this mixture has two or three maxima when the difference of exchange integrals is considerably large, and in general the susceptibility X diverges when the temperature tends to zero even if all exchange integrals were antiferromagne tic (see Fig. 6 ). These are also due to the randomness of distribution of magnetic atoms. 
by exchange integral Ja. Then we also obtain functional equation 
In this paper, we consider the case S = 1/2. The functions f" (x) and /" (x)
are given by
where C=mHjkT and Ka=Ja/2kT. We first give the procedure of the low field expansion. The magnetization and the energy are expanded as 
and <mrJ)/m= 1 + <tanhK) tanhC-2 (1+ <tanhK))(<tanh K) + <tanh 2 K)) tanhsC+ .... First we consider the random binary mixture of two kinds of antiferromagnetic exchange integrals (see Fig. 7 ). The ground state of this mixture is completely antiferromagnetic when the magnetic field is low. converges when the temperature tends to zero (see Eq. (4·19)). Next, consider the binary mixture of ferromagnetic and antiferromagnetic exchange integrals (see Fig. 8 ). The magnetization vanishes when H~o. However, owing to the randomness of local magnetization, the response of the magnetization to magnetic field is very strong near H = 0. Then the susceptibility diverges at H = 0. The remarkable steps in the high field region is due to the flips of spins.
Finally, we mention the relevances between the problem of the random magnetic system and the problem of the random exchange integrals. It was shown that the essential differences are found between susceptibilities of these two systems when the ferromagnetic elements and the antiferromagnetic elements are mixed. 12 J,ISJ The difference is also found in the magnetization processes. In Fig. 9 , we show the magnetization curves of both systems whose concentrations of bonds are the same. These differences are due to the correlations of the distribution of magnetic bonds through the magnetic atoms on the lattice sites.
